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Overview

We will discuss the algebraic structure known as a numerical semigroup
and definitions related to them.

We will investigate the Frobenius number of balanced numerical
semigroups.
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N - . ..
Coin Exchange Problem

Given 5 and 7 cent coins, what is the largest amount of change that

cannot be created?

0,1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,24, 25 - - -
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Background

Coin Exchange Problem

Given 5 and 7 cent coins, what is the largest amount of change that
cannot be created?

0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16,17, 18,19, 20, 21, 22, 23,24, 25, - - -
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Background

Coin Exchange Problem

Given 5 and 7 cent coins, what is the largest amount of change that
cannot be created?

0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16,17, 18,19, 20, 21, 22, 23,24, 25, - - -

23=7-5-7-5
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Background

Numerical Semigroups

A subset S of N closed under addition, containing zero, and having a
largest integer not in S

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22, 23, - - -
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Background

Numerical Semigroups

Let a1, a, ..., an € N such that ged (a1, az, ..., an) = 1.

S={(a1,a,....,an) = {ai1t1 + ... + ant,|t; € N}
x€S=(t1,t0, -, tp)

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22, 23, - - -
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Background

Numerical Semigroups

Let a1, a, ..., an € N such that ged (a1, az, ..., an) = 1.

S={(a1,a,....,an) = {ai1t1 + ... + ant,|t; € N}
x€S=(t1,t0, -, tp)

ai, az, ..., ap are called generators

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22, 23, - - -
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Background

Frobenius Number

Frobenius Number: largest integer not in S
5=(8,9,11,12)

F(S)=15

0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16,17, 18,19, 20, 21,22, 23, - - -
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Background

Known Results

"It would be nice to have a finite set of formulas which covers all possible
cases for computing F(S). Unfortunately, no such collection of formulas
has ben found and probably does not exist at all.”

- "The exact solutions to the Frobenius problem with three variables' by
Mihaly Hujter and Bela Vizvri; J. Ramanujan Math. Soc. 2 (1987)
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Known Results

@ 2 Generators - S = (a, b) (Sylvester 1884)
F(Sy=a-b—a—»b

@ 3+ Generators - S = (aj,as, - ,a,)
F(S) =7
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Background

Known Results

@ 2 Generators - S = (a, b) (Sylvester 1884)
F(S)=a-b—a—b»

@ 3+ Generators - S = (aj,as, - ,a,)
F(S) =7

@ Arithmetic sequence S = (a, ma+ d, ma+2d,--- ,ma+ kd) (Lewin 1975)
F(S)=m-a- (14 [22])+(d—1)(a—1)—1

@ S=<ay,...,a, > (not necessarily in ascending order) and let
d = ged{a1,...,a,—1} (Brauer and Schockley 1962)

F(S)=d-F({%,...,%%*,a,) + (d — 1) a,

© S=<aj,a,a; > and aj|(a, + a2 + a3) for some / = 2,3 (Brauer and
Schockley 1962)
F(S) = —a1 + maXi:2,3{a,~ . La1~as—iJ}

ar+as
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Apery Set Relative to a;

Apery Set relative to a;:

All elements in S such that
xeSandx—a ¢S
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Apery Set Relative to a;

Apery Set relative to a;:

All elements in S such that
xeSandx—a ¢S

or: all elements in S that can only be made without a;

Note: Max(Ap(S)) — a1 = F(S)
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Apery Set Relative to a;

Apery Set Relative to a; (8):
xe€Sandx—8¢S

S =(8,9,11,12)

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22. 23, - - -
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Apery Set Relative to a;

Apery Set Relative to a; (8):
xe€Sandx—-8¢S

S =(8,9,11,12)

10,1,2,3,4,5,6,7(8,9,10,11,12,13,14,15/16,17,18,19, 20, 21,22, 23| - - -
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Apery Set Relative to a;

Apery Set Relative to a; (8):
xe€Sandx—-8¢S

S =(8,9,11,12)

Ap(S) = {0,9,11,12,18, 21,22, 23}

0,1,2,3,4,5,6,7|8,9,10,11,12, 13,14, 15/16,17, 18,19, 20, 21,22, 23| - - -
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Apery Set Relative to a;

Apery Set Relative to a; (8):
xe€Sandx—-8¢S

S =(8,9,11,12)
Ap(S) = {0,9,11,12, 18,21, 22,23}
Note: Max(Ap(S)) —8=23-8=15= F(S)

|0,1,2,3,4,5,6,7/8,9,10,11,12,13,14,15|16,17,18,19, 20, 21,22, 23| - - -
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..
Example

S =(6,8,13,15)

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18, 19, 20,21,22,23, - - -
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..
Example

S =(6,8,13,15)

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16, 17,18, 19, 20, 21,22, 23, - - -
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..
Example

S =(6,8,13,15)

F(S) =17
0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17,18, 19, 20, 21, 22,23, - - -
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Example

S = (6,8,13,15)
F(S) =17
Ap(S) = {0,8, 13,15, 16,23}

|0,1,2,3,4,5/6,7,8,9,10,11]|12,13,14,15,16,17|18,19, 20, 21,22, 23| - - -
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Balanced Numerical Semigroups

S = (pD,pD + n,qD — n,qD)
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Balanced Numerical Semigroups

S = (pD,pD + n,qD — n,qD)
p,q,D,neN

p < gqand ged(p,q) =1
ged (D,n) =1

D>1land1<n<?®D
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Example

S ={(pD,pD + n,qD — n,qD)

p=2,g=3,D=4,andn=1
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Example

S ={(pD,pD + n,qD — n,qD)

p=2,g=3,D=4,andn=1

S ={(pD,pD + n,qD — n,qD) = (8,9,11,12)

Jeremy L Thompson (USAFA)
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Balanced Numerical Semigroups

Example

S ={(pD,pD + n,qD — n,qD)
p=2,g=3,D=4,andn=1
S ={(pD,pD + n,qD — n,qD) = (8,9,11,12)
0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22 23, - -

F(S)=15
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Frobenius Number of Balanced Numerical Semigroups

Frobenius Number of Balanced Numerical Semigroups

We use relationships among the generators to find elements of Ap(S)
If x € §and x = tya; + tray + tzaz + taay
We say x = (t1, to, t3, ta)

t1, to, t3, 1 Z 0
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Frobenius Number of Balanced Numerical Semigroups

Relations Among the Generators

Jeremy L Thompson (USAFA)

$=(8,9,11,12)
(A)  (3,0,0,0) =(0,0,0,2)
(B) (1,0,0,1)=(0,1,1,0)
(G) (2,0,1,0) =(0,3,0,0)
(Do) (3,1,0,0) =(0,0,3,0)
(G) (1,0,2,0)=(0,2,0,1)

(Dl) (27270a0) = (07072a 1)

Balanced Numerical Semigroups

August 9, 2014
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Relations Among the Generators

Note that
(A) (3,0,0,0) = (0,0,0,2)

implies

if x=1(0,0,0,a) € Ap(S) then a <2

Jeremy L Thompson (USAFA)
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Members of Ap(S)

S =(8,9,11,12)

(A)  (3,0,0,0) = (0,0,0,2)
if x=1(0,0,0,a) € Ap(S) then a <2

(B) (1,0,0,1)=(0,1,1,0)

(G) (2,0,1,0)=(0,3,0,0)
if x = (0, c,0,0) € Ap(S) then ¢ < 3

(Do) (3,1,0,0) =(0,0,3,0)
if x=(0,0,dp,0) € Ap(S) then dp < 3

(G) (1,0,2,0) =(0,2,0,1)
if x=(0,c1,0,1) € Ap(S) then c; <2

(D) (2,2,0,0)=(0,0,2,1)
if x=1(0,0,d1,1) € Ap(S) then d; < 2
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Members of Ap(S)

S =(8,9,11,12), F(S) =15

(G1) (1,0,2,0)=(0,2,0,1)
if x=1(0,¢1,0,1) € Ap(S) then ¢; <2

(Dl) (272a070) = (0,0,2, 1)
if x = (0.0, d1,1) € Ap(S) then d; < 2
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Members of Ap(S)

S =(8,9,11,12), F(S) =15

(G1) (1,0,2,0)=(0,2,0,1)
if x=1(0,¢1,0,1) € Ap(S) then ¢; <2

(Dl) (2727070) = (0,0,2, 1)
if x = (0.0, d1,1) € Ap(S) then d; < 2

(0,1,0,1) < (0,0,1,1), so

F(S)=(0,0,1,1)—8=11+12—-8=15
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Frobenius Number of Balanced Numerical Semigroups

Relations Among the Generators

(A) (4,0,0,0) = (0,0,0, p)

(B)  (1,0,0,1) =(0,1,1,0)

(Go) (250 45,0, 25 — 25— .0)

(0, D 4 2 a0 0)

(Do) ( — wptagtn _ oy p D p+q + p‘fq +a—p,0, 0)
= pk

(O’Ovm—m—”"’

(Cp—l) (ap+aq+n+k p+1, 07m_pkaq_a+P_1yo)

qD pk _ _
(o D Pt a—p+1,0,p 1)

ap+aq+n qD pk
(Dp_1) ( - — k1,2 B g 1,0,0)

_ Pk —
(0 0, p+q ptq —atlLp 1)
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Frobenius Number of Balanced Numerical Semigroups

Frobenius Number

Smaller k Values:
ap+aqg+n n
k<p-— = t3

MBX(AP(S)) = (07 Oa 6P—1v p—= 1)
F(S)=0dp1as+(p—1)as — a
=(pg—p—q)D+ (gD —n) (%—a)
Larger k Values:

k > p— ap+:q+n +g
Max(Ap(S)) = (0’ Kp—1,0,p — 1)

F(S)=kp_1ax+(p—1)as — a1
=(pq—p—q)D+(pD+n)("D“’k +a—p)

pt+q
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Future Research

Future Research

Future research:
Expand proof into smaller values of D
Develop new formula for very small values of D

Balanced numerical semigroups with 6, 8,10 or more generators
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Questions

Questions?
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DN
Thanks

Research Partners:

Dr Kurt Herzinger, USAFA

Dr Trae Holcomb, Houston Baptist University
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|
k - Congruence Class of D Modulo p + g

k - the congruence class of D modulo p+ g

ap+aq+n ap+aq+n ap+aq+n
kG{l— qu 2 — qu ,...,p+q—%}

where a = —ng~! mod p
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|
k - Congruence Class of D Modulo p + g

k - the congruence class of D modulo p+ g

k{1 raatn o aptaain o4 g

where a = —ng~! mod p

ap+ag+n
)

Example: p=2,g=9,D=8,and n=1

ke{-5-4-3-2,-1,0,1,2,3,4,5}
k=-3
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NS
Frobenius Number of Balanced Numerical Semigroups

We use relationships among the generators to find elements of Ap(S)
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Frobenius Number of Balanced Numerical Semigroups

We use relationships among the generators to find elements of Ap(S)
If x €S and x = tya; + tray + t3as + taay
We say x = (t1, to, t3, ta)

t1, to, t3, 1 Z 0
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NS
Relations Among the Generators

Note that
(A)  (9,0,0,0) = (0,0,0, p)
implies

if x=1(0,0,0,a) € Ap(S) then a < p

Jeremy L Thompson (USAFA)
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Relations Among the Generators

(A)
(B)

(Go)

(Do)

(Cp—l)

(Dp—l)

Jeremy L Thompson (USAFA)

(9,0,0,0) = (0,0,0,p)

(1’ 07 07 1) = (07 17 170)

aptag+n _ Pk _
( P +k0’p+q p+q aO)

(0, D 4 2 a0 0)

pk
ktp, 2B 4 Bt p,o,o)

pk

( _ap+aq+n
= (O’Ovm—m—”"’

aptag+n pD _ pk _
( th= p+10’p+q ptq atp 1’0)

qD pk _ _
(o D Pt a—p+1,0,p 1)

_ ap+aq+n qD pk

( k+1p+q—|—p+q—|—a 1,0,0)
_ _ Pk _

- (0 0, p+q pt+q —atlLp 1)

Balanced Numerical Semigroups August 9, 2014
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NS
Relations Among the Generators

Note: These values only valid when
__ aptag+n

ke{p s

D> k+ —a"paq,

e g — ap+:q+n}
_kp _ aptag | p
. T+ E(p+a)

Jeremy L Thompson (USAFA)
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Relations Among the Generators

Note: These values only valid when
__ aptag+n __ aptag+n
kedp +7,,k,---,j B}
aptaq _ kp _ aptaq P
D z k + p q q + q (p + q)

Similar arguments needed for
k c {1 _ ap+;‘rl]¢7+n7 o p— 1— ap+:q+n}

and ke{q+1—@,...,p+q—@}

Jeremy L Thompson (USAFA) Balanced Numerical Semigroups August 9, 2014 24 / 24



Relations Among the Generators

Note: These values only valid when
__ aptag+n __ aptag+n
kef{p— 2200, q— B0}

aptaq _ kp _ aptaq P
D > k+ %24 2 — 273 4 2 (p 4 q)

Similar arguments needed for
k c {1 _ aiH—;‘flJtHn7 o p— 1— ap+:q+n}

and ke {q+1— 2Hatn  py g wteginy

But ... results are the same for all values of k
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|
Apery Set Relative to pD

Relations give us elements of Ap(S)

(A) (0705073)136{07”’717_1}
(G)  (0,0,0,0), o€ {1, , 2 4 Bt a—1}
(DO) (0a07d070)1d0€{17"'7%_%_34'[3_1}
(CP—l) (07Cp—170,p—1), CP—le{lv"' aquDq"'%"'a_p}
(DP—l) (Ovoadp—lvp_l)v dp-1 € {]w 7;TD,7 _Pkaq_a}
Jeremy L Thompson (USAFA) Balanced Numerical Semigroups August 9, 2014

24 / 24



Max(Ap(S))

(A)
(G)

(Do)

(Cp—l)

(Dp—l)

Jeremy L Thompson (USAFA)

Max(Ap(S)) is one of
(0,0,0,a), a=p—1

__ gb k
(0,/@0,0,0), Iio—h—Fpﬁfq-Fa—l

(07075070)1 50:%_%_34—13_1

(07K/p—1707p_1)1 Kp—1 = £+Lk+a_p

p+q | ptq

(0,0,0p—1,p—1), dp1 = 22 — 2k _4

P=1 = b¥q ~ btq

Balanced Numerical Semigroups August 9, 2014
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Frobenius Number
Smaller k Values:
k < p— aP+;q+n _,,_g
MaX(Ap(s)) = (07 0, 6P—1ap - 1)

F(S):§p7133+(p—1)34—31
= (pg—p—q) D+ (aD - n) (*2:2 — a)

Larger k Values:
k > p— ap+;q+n +§

MBX(AP(S)) = (07 Kp—1,0,p — 1)

F(S):ﬁp_laz-l-(p—l) as — a1
=(pq—p—q)D+(pD+n)(%+a—p)
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-
D Ranges

Middle k Values:

k € {p _ aP+:q+n’ e, q— ap+;q+n}
aptaq _ kp _ aptaq P
D=>k+ p 7 q q +q(p+q)
Smaller k Values:

__ aptag+n _ __ aptag+n
ke{l— &=t ,k...,p 1 o }
D> kot 252, k0 22 4 1 (ptq)

[ = k—|— aptag+n
- p

Larger k Values:
__ aptag+n __ aptag+n
ke{g+1— #2588 ptq— 2250

D> k+ 22— el (ptg), 2 — 22 4 2 (py )
P — __ | _ aptagtn
i=q+p—k -
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Problem - Smaller k

The relations Cj, - -+, C,—1 have invalid a; values
te, = 0 for j = 2E29EN 4 &
Can repair with relation (B)

(1,0,—1,1) = (0,1,0,0)
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Relations Among the Generators - Smaller k

(A)

(G)

(Do)

)

(Dp—l)

Jeremy L Thompson (USAFA)

(9,0,0,0) = (0,0,0, p)
ap+tagtn _ Pk _
( b +k ?{ P+q pFq a,O)
gD | pk
(0' ptq + ptq +2,0, O)

( aeranrn —k+p p+q+;ffq +ta-p0, 0)

= pD _ pk
—(O’O’H prq — 2P0

ap+aq+n _ pD_ pk P
AN g 1,0, 2B B gy 1,1)
(0’%4';5:74'3_”'1’0"')

aptag+tn _ _ Pk _ i— _i
( b +k—i+1, 0’p+q 5+q a+i—1,p I)
(o p"fq+Pikq+a7,+1,o,p71)

ap+aq+n qD pk _

( kk+1 2B 100)
:(0,0,p+q—pﬁ_—q—a+1,p—1)

Balanced Numerical Semigroups August 9, 2014
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-
Apery Set - Smaller k

The Apery Set can be represented as before

But we have duplicates and invalid elements as below:

D k P
(G) (0.0~ 545 —a+i))
— qD k. o . . . e
= (0.2 4 +a—i0,i+)) je{0, -, p—i—1}
(Ci+1) (0,0,£—p¢kq—a+i+1,j)
(1 ki - N ief0 e pi
_(17P+q+P+Cl+a I+1’07l+1+.j)1./e{07 P ! 2}

? ptq

(G) (00,22 — 5 —atp—1,))
=(p—i+ ko +a—p+1,0,p—1+]),j€{0}

p+q
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-
Problem - Larger k

The relations D;,---, Dp_1 have invalid a; values
tDi:Ofori:q—Mp‘””—ker

Can repair with relation (B)

(1,-1,0,1) = (0,0, 1,0)
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Relations Among the Generators - Larger k

(A) (9,0,0,0) = (0,0,0,p)
aptag+n _ Pk _
(o) ( N +h 2 P+q pFa a‘o)
D pk
(O prq T prq T30 0)
ap+aq+n Pk _
(Do) ( 3 kk+P, p+q+p+q+a p,0, 0)
_ pl p
—(Oﬁo*m—m a+p.0)
Df — RN _pgp it pk —p+i—1,0,1
(D) q +p I+,p+q+p+q+3 p+i—1,0,

7_A_ —
(0 0, ptq Pta a+tp I+1,I)

apt+agq+n _ _ Pk _
(Cp—1) ( b D+kkp+l 0,p+q prg —aTP 1,0)
q p _ —
(0,P+q+P+q+a p+1,0,p 1)

(O;_1) ( ap+aq+" k+pfl+l,P+q+p’ij+afp+ifl,0,pfi)

— _ Pk _ _ —
_(0,0,p+q p¥a at+p—i+1,p 1)
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-
Apery Set - Larger k

The Apery Set can be represented as before
But we have duplicates and invalid elements as below:

(D)) (0 £+L+afp+i,0,1)

’ ptq ptq
_ D k .. . . .
—'(Ovo’éiﬁ ~ e —-a4—p-—I,I—FJ),J e{0,---,p—i—1}
(D) (0,22 + ;5 +a—p+i+1,0,)
- Dk —i—=1.i i) — -
= (10,28 — s —adp—i—Lit1+j),j€{0, ,p—i=2}

(DP—I) 0,:TD(7+$+3—1,0,J)

= (p=i,0, 2 — o —at1p—1+)) je {0}

? ptq p+q
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Frobenius Number
Smaller k Values:
k < p— aP+;q+n _,,_g
MaX(Ap(s)) = (07 0, 6P—1ap - 1)

F(S):§p7133+(p—1)34—31
= (pg—p—q) D+ (aD - n) (*2:2 — a)

Larger k Values:
k > p— ap+;q+n +§

MBX(AP(S)) = (07 Kp—1,0,p — 1)

F(S):ﬁp_laz-l-(p—l) as — a1
=(pq—p—q)D+(pD+n)(%+a—p)
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