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*  We will further discuss the algebraic structure known as a numerical
semigroup and more advanced definitions related to them.

« We will examine intersections of ideals and duals of numerical
semigroups.
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Numerical Semigroup —

a subset S of IN (the non-negative integers) closed under addition,
containing zero, and having a largest integer notin S

S=<6,8,13>

S=0 6 /8 1213141516 1/1819202122 25 24...

Integrity — Service — Excellence 5



\Z _—
w Definitions »

Relative Ideal of S —

a non-empty subset | of IN such that | has a smallest element and if
aclandse&S,thena+seS.

S=<6,8,13>
1= (0, 1)

S=0 678 121314 1516 17 18 19 20 21 22 23 24...

=01 6789 1213 14 15 16 17 18 19 20 21 22 23 24...
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Dualof I iIn S —
denoted S — |, all integers z suchthatz + = S.

S=<6,8, 13>
1= (0, 1)
S —1=(12, 13, 19, 22, 23)

S=0 6 /8 1213141516 1/18192021 22 25 24...
1=01 6789 121314151617 18 19 20 21 22 23 24...
S-1I= 12 13 18 19 20 21 22 23 24...
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S=<5,7,16>

= 267 10 1112 14 1516 17 19 ...
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S=<5,7,16>
| = (0, 2)

S=0 267 10 11 12 14 1516 17 19 ...
|=012 56789101112 141516171819 ...
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S=<5,7,16>
| = (0, 2)

S-1=(5,12, 14, 16)

S=0 267 10 11 12 14 1516 17 19 ...

|=012 56759101112 14151617 18 19 ...
S-I= ) 10 11 12 141516 17 19 ...
Integrity — Service — Excellence 10
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S=<5,7,16>
| = (0, 2)

S-1=(5,12, 14, 16)

S=0 267 10 11 12 14 1516 17 19 ...
|=012 56789101112 14151617 18 19 ...

S-1= 5 10 11 12 141516 17 19 ...
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SO... lets get on to the cool stuff already!!!
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Let S; and S, be numerical semigroups. S, is the intersection of S; and
S,.

51 8 /52

N
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l,, I,, and | are the respective ideals of the semigroups, created by the
same generating set.

———e—]
l, l 1>

I
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N/ is the intersection of I, and 1.
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S, —1,S,-1,,S,— 14, and S, — N/ are the duals between the specified
semigroups and ideals.

S,—Nl €S,—1,

Integrity — Service — Excellence 16



\ 2
v Structure

@
“’ 41}(?

——

N(S —1) is the intersection of S; — I, and S, — L,..

Il 2

—| —|
\m(sq)m
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S;—(S1—11), S, = (S5 - 15), Sp = (Sn = 1), Sp = (S — M), and
S, - N(S —1) are the duals between the specified semigroups and
ideals.

81  . / T
|i / ,

| Lo l
Sl_ll ?\ SZ_IZ
l N(S-1) €S =Nl =S,—I, l

S;— (S, - 1) >i< S, - (S, 1)

Sp—(Sa—1)S Sh—(Sp—-N) S Sy—N(S-1)
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N(S - N(S —1)) is the intersection of S; — (S; — 1) and S, — (S, — ,,).

51  . / T
|i / 1,

Si— 1y ?\ Sy— 1
l NS-1) € S,—-NI =S,-1Ij l

S1—(S1—1h) % S, = (S;— 1))

Sp=(Sa=1)S Sh—(Sp—N) S S,—NS-Nc N(S—(S-1) /
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51  . / s[
.t Y, .2

| e N l
l S-S =Nl =S,—I, l
S, —(S,—1,) />/< S,—(S,-1,)

Sp=(Sa=1)S Sh—(Sp—-N) S S,—NS-Nc NS =(S-1)
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Example

Y, O
SZ"@»L;IKYO““‘}

S

<4,5,6>=

0 45678910 ... S

0 56 10 ...

.

5,6, 7>=
10 ...

S,
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Example o
T
S, S,
<4, 5_ /;7>:
0 45678910 ... Snh 0 E67 0010

% 0 Z/jf - i

(0,1) = 0,1) =
012245678910 ... e Nl 01 5678910...
01 5675910.. 01 5678910...
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Qz’ %Z"%mot&“*’
S, S,

<4, 5_ %n:

012245678910 ... Sn 0 5675010...

% 0 Z/jf - i

(0,1) = 0,1) =
012245678910 ... e ni 01 5678910...
l 01 5675910.. 01 5678910... l

S;—14 ?\ S; =1y
45678910, 56 10...

NS-1)eS,—Nl =S,—1,
5 10 ... 5 10 ... 5 10 ...
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4 Example gy
S; S,
<4, 5_ %7>:
0 45678910 ... Sn 0 5675010 ..

% 0 Z/jf - i

(0,1) = 0,1) =
012245678910 ... e ni 01 5678910...
l 01 5675910.. 01 5678910... l

S, -1 ?\ S; =1y
45678910, 56 10...

5 10 ... 5 10 ... 5 10 ...
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There are two types of proofs inside this structure:

* Ideal Proofs
— The intersections are ideals of S,

« Containment Proofs
— The ideals of S, in respective levels have subset relationships
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S;—1; ?\

l NS-1) € S=Nl SS,—I, l
S, —(S,—1,) />/< S,—(S,-1,)

Sp=(Sa=1)S Sh—(Sp—-N) S S,—NS-Nc NS =(S-1)
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* |deal Proofs
— Depend upon elements of the intersections being related to all elements in S,

« Containment Proofs
— Most depend upon the following theorem:
— If there are relative ideals I, J such that | € J,thenS-Jc S—1.
— Difficult to prove intersections are contained in all other ideals
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Containment Proof —

Leti € I, By the definition of an ideal we may say i = k + s, where k is
a generator of the ideal and s, € S,. Because S, is the intersection
of S;and S,, we may alsosayi=k+s, =k+s, wheres, €S, and
S, €S,. Thereforei€l, l,andi €Nl Thusly < Nl g
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N7 Hypotheses g
s N(S-DESSA-NLNS-(S-1)ESSF—-(Sn—1p)
« Structure generalizes easily to more semigroups, provided the
number is finite
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« What can be said about the properties of the intersections
(Semigroups, Relative Ideas, and Duals) based upon the properties
of their parent structures?

« Whatis S,—NS—-(S-1))?
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Questions

Questions?

C09Jeremy.Thompson@USAFA.edu
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